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Let ðxt;PxÞ be the weak solution of the stochastic equation
xt ¼ x þ
Z t
0
cðxsÞds þ
Z t
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aðxsÞ
p
dws, (1)
where c is a measurable vector ﬁeld on Rd , dX2, a is symmetric positive-deﬁnite
matrix, and w is a standard d-dimensional Brownian motion. Denoting with pðx; t; yÞ
the transition probability density of ðxt;PxÞ, our aim is to reconstruct c from the
observation of pðx; t; yÞ for ðx; yÞ 2 Lc  Lc, t 2 ½0; T 	, where L is a bounded domain
in Rd and T40.
While there exists an extensive literature on inverse problems for deterministic
ordinary and partial differential equations (see e.g. [8,15]), there are astonishingly
few papers on corresponding problems for stochastic equations. Note also that most
problems in the literature on statistics for stochastic equations is concerned with the
estimation of parameters in the coefﬁcients (see e.g. [22]) and on ﬁltering (see e.g.
[17]). Our aim is entirely different, as we try to determine a vector ﬁeld, instead of a
parameter or a conditional density.
The problem we handle in the present paper was introduced and solved in [2]
under the assumptions that aðxÞ is constant, c ¼ rj with j 2 C2ðRdÞ, and under
growth conditions on c such that a strong solution to (1) exists with inﬁnite lifetime.
The results were rediscussed in [5], where more detailed proofs can be found, and an
approach to the case of diagonal diffusion through a random time change is
sketched. We improve all these results in several directions. In particular, we impose
only integrability assumptions on j, we require only the existence of weak solutions
instead of strong ones, and we allow L to be unbounded. Moreover, we consider
much more general classes of SDEs with variable diffusion coefﬁcients. We also
obtain a partial solution of the problem in the case of the drift not being a gradient
ﬁeld and for one-dimensional diffusions. In their full generality, however, these latter
problems were and remain unsolved (to the best of our knowledge).
The problem at hand admits a purely analytic interpretation. Namely,
Kolmogorov’s classical work implies that pðx; t; Þ solves the parabolic partial
differential equation (PDE)
qp
qt
¼ Lc;ap; t40,
pðx; 0; Þ ¼ dxðÞ, ð2Þ
where Lc;a is the formal adjoint of the operator
Lc;auðxÞ ¼ 12 trðaðxÞD2uðxÞÞ þ hcðxÞ; DuðxÞi
¼ 1
2
aijðxÞ q
2
qxiqxj
uðxÞ þ ciðxÞ q
qxi
uðxÞ
(here and throughout the paper we adopt the convention of summation over
repeated indices). Therefore our problem can be reformulated as an inverse problem
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coefﬁcient c of the ﬁrst-order term (as a function on Rd). To the best of our
knowledge the problem has not been addressed in the literature on inverse problems
for PDEs (see e.g. [8,15]), and our solution can also be seen as a probabilistic
solution to this analytic problem.
Let us also remark that the problem we discuss can be also motivated (cf. [2]) by a
problem of quantum mechanics. Namely, in the picture of quantum mechanics as
stochastic mechanics (in Nelson’s formulation, see e.g. [19,20]), this problem consists
in the reconstruction of the ground state process inside a domain L from observation
of its sample paths, or, equivalently, from the Hamiltonian, outside L.
The paper is organized as follows: we collect basic assumptions, deﬁnitions, and
some known results in Section 2. In Section 3 we derive a representation formula for
the transition probabilities of diffusions whose generators satisfy certain conditions
(this class, in particular, contains distorted Brownian motion—see e.g. [6]). We also
prove some consequences of this representation formula that allow us to reconstruct
from the transition densities of a diffusion a function of its drift coefﬁcient (in
Section 4), and eventually its drift (in Section 5). Section 6 deals with extensions such
as unbounded L and one-dimensional diffusions.2. Preliminaries
Unless otherwise stated, we shall work under the following standing assumptions:(i) the operator Lc;a is uniformly elliptic, i.e.
haðxÞx; xiXdjxj2 8x; x 2 Rd ,
for some constant d40;(ii) Eq. (1) admits a unique weak solution in Rd ;
(iii) the transition probability measures of all considered diffusions admit a
continuous density with respect to Lebesgue measure.Remark 1. By a classical result of Zvonkin and Krylov [26], a weak solution of Eq.
(1) exists and is unique if the coefﬁcients are bounded and a is continuous. A detailed
study of conditions implying that a (generalized) diffusion has continuous
probability densities can be found in [10] (see also [21,9]).
We shall make use of some Banach spaces. We denote by Lp :¼ LpðRd ;RÞ, for
p 2 ½1;þ1½, the space of functions f : Rd ! R such that
jf jpLp :¼
Z
Rd
jf ðxÞjp dxo1.
For s 2 R, let Hp;s ¼ ð1 DÞs=2Lp be the usual space of Bessel potentials on Rd . The
norm in Hp;2 can be taken to be equivalent to the one of W p;2, the usual Sobolev
space of function with (generalized) derivatives up to order 2 in Lp. H
p;s
loc is the space
of functions f such that f z 2 Hp;s for all z 2 C10 ðRdÞ. The following Sobolev
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particular f 2 Hd;2loc implies f 2 C1ðRdÞ.
Let us brieﬂy recall some results from pinned diffusions connected to represent-
ation of transition probability densities of diffusions (see [18,23] for more details).
Let ðxt;PxÞ be a diffusion process on Rd , endowed with its natural ﬁltration ðFtÞtX0.
Deﬁne a probability measure P
x;y
T on sðFt : toTÞ by
dP
x;y
T
dPx

Ft
¼ pðxt; T  t; yÞ
pðx; T ; yÞ 8toT .
The diffusion process ððxtÞtpT ;Px;yT Þ is called a pinned diffusion, or a diffusion
conditioned on x0 ¼ x and xT ¼ y.
The following Cameron–Martin formula for pinned diffusions was proved in [23].
Lemma 2. Let ðxt;PxÞ be a diffusion process with generator
Lb;af ¼ 12 trðaðxÞD2f ðxÞÞ þ hbðxÞ; Df ðxÞi.
Let c : Rd ! R be measurable and such that
Ex exp
1
2
Z T
0
ja1=2ðxsÞcðxsÞj2 ds
  
o1.
Let pb and pbþc be the transition density functions corresponding to the diffusions with
generators Lb;a and Lbþc;a, respectively. Suppose that
y 7!Ex;yT exp
Z T
0
ha1=2ðxtÞcðxtÞ;dwti 
1
2
Z T
0
ja1=2ðxtÞcðxtÞj2 dt
  
is continuous. Then one has
pbþcðx; T ; yÞ
pbðx; T ; yÞ
¼ Ex;yT exp
Z T
0
ha1=2ðxtÞcðxtÞ;dwti  1
2
Z T
0
ja1=2ðxtÞcðxtÞj2 dt
  
.
(3)
3. Transition densities for a class of diffusions
From now on we assume that the hypotheses of Lemma 2 are satisﬁed and that
there exists a function c : Rd ! R, c 2 Hd ;2, such that rcðxÞ ¼ a1ðxÞcðxÞ. This
assumption, even though it looks quite restrictive, contains many important
examples. Let us consider, for instance, the case of unit diffusion coefﬁcient, i.e.
Markov processes with generator Lu ¼ 12Du þ hc;rui. Assume that c is regular and L
admits an inﬁnitesimally invariant measure nðdxÞ ¼ rðxÞdx, i.e. thatZ
Rd
Lf nðdxÞ ¼ 0 8f 2 C10 ðRd Þ
(see e.g. [4] for more details on these notions). It is well known that the diffusion is
reversible if and only if L is symmetric in L2ðRd ; nÞ. One can also prove that L is
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drift reconstruction can be solved for a large class of reversible diffusions.
However, the general case of c not being a gradient ﬁeld is unfortunately
not within the reach of our method, except for some special situations discussed in
the last section.
In this section we shall specialize Lemma 2 to the class of diffusions just
introduced, and deduce some important corollaries.
Proposition 3. One has
pbþcðx; t; yÞ ¼ pbðx; t; yÞ expðcðyÞ  cðxÞÞEx;yt exp 
Z t
0
V ðxsÞds
  
,
where V ðxÞ :¼ Lb;acðxÞ þ 12ja1=2ðxÞrcðxÞj2.
Proof. By an application of Itoˆ’s lemma (as in [16]) we get
cðxtÞ  cðx0Þ ¼
Z t
0
hrcðxsÞ; a1=2ðxsÞdwsi þ
Z t
0
Lb;acðxsÞds
¼
Z t
0
ha1=2ðxsÞcðxsÞ; dwsi þ
Z t
0
Lb;acðxsÞds.
ThereforeZ t
0
ha1=2ðxsÞcðxsÞ; dwsi 
1
2
Z t
0
ja1=2ðxsÞcðxsÞj2 ds
¼ cðxtÞ  cðx0Þ 
Z t
0
Lb;acðxsÞds 
1
2
Z t
0
ja1=2ðxsÞcðxsÞj2 ds
¼ cðxtÞ  cðx0Þ 
Z t
0
Lb;acðxsÞds 
1
2
Z t
0
ja1=2ðxsÞrcðxsÞj2 ds
¼ cðxtÞ  cðx0Þ 
Z t
0
V ðxsÞds.
By a simple rewriting of (3) we get the desired result. &
If b ¼ 0, a ¼ I , i.e. xt is Brownian motion, we recover a formula already obtained
in [2], although under more regularity assumptions:
Corollary 4. Assume that c satisfies the hypotheses of Lemma 2 with b ¼ 0 and a ¼ I .
Setting V ðxÞ ¼ 1
2
ðjrcðxÞj2 þ DcðxÞÞ, one has
pcðx; t; yÞ ¼ p0ðx; t; yÞ expðcðyÞ  cðxÞÞEx;yt exp 
Z t
0
V ðwsÞds
  
,
where p0ðx; t; yÞ is the transition probability density of Brownian motion.
Given a domain L  Rd and x; y 2 qL, we shall denote by ðgxyx Þs2½0;t	 the (straight)
line joining x with y in time t, i.e. the function
gxys ¼ x þ ðy  xÞ
s
t
; 0pspt.
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observe that the elementary relation
Z t
0
V ðgxys Þds ¼ t
Z 1
0
V ðx þ ðy  xÞsÞds
holds.
Proposition 5. Assume that V is bounded from below and satisfies the following
property:
V  gxy 2 L1ðR;RÞ; jgn  gxyjL1ðR;Rd Þ ! 0) jV  gn  V  gxyjL1ðR;RÞ ! 0,
where gn are continuous curves in R
d with endpoints x, y. Then V  gxy 2 L1ðR;RÞ for
almost all x, y (with respect to Lebesgue measure) and one has
lim
t!0
pbþcðx; t; yÞ
pbðx; t; yÞ
¼ ecðyÞcðxÞ (4)
and
lim
t!0
1
t
log
pbþcðx; t; yÞ
pbðx; t; yÞ
 ðcðyÞ  cðxÞÞ
 
¼ 
Z 1
0
V ðx þ ðy  xÞsÞds. (5)
Proof. It clearly follows from c 2 Hd;2 that V 2 Ld , hence VL :¼ V1L 2 L1.
Therefore, by Fubini’s theorem,
R
gxy VLðsÞdso1 for almost all x, y 2 Rd , as
desired. We claim that
lim
t!0
E
x;y
t ½expð
R t
0 V ðxsÞdsÞ	
expð R t
0
V ðgxys ÞdsÞ
¼ 1.
Since one has, as a consequence of V  gxy 2 L1 (in this proof L1 stands for
L1ðR;RÞ),
lim
t!0

Z t
0
V ðgsÞds ¼  lim
t!0
t
Z 1
0
V ðx þ ðy  xÞsÞds ¼ 0,
we just need to prove that
lim
t!0
E
x;y
t exp 
Z t
0
V ðxsÞds
  
¼ 1.
In fact, we observe that for any constant e40, the continuity of the paths of x
implies that
lim
t!0
P
x;y
t ðjx  gxy jL1XeÞ ¼ 0,
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E
x;y
t exp
Z t
0
V ðxsÞds
 
 1
 
¼ Ex;yt exp
Z t
0
V ðxsÞds

 1
 jx  gxy jL1oe
 
þ Ex;yt exp
Z t
0
V ðxsÞds

 1
 jx  gxy jL1Xe
 
.
Using the elementary inequality jex  1jp1 _ ex, we can write
exp
Z t
0
V ðxsÞds
 
 1

p1 _ exp
Z t
0
V ðxsÞds
 
p1 _ etð inf V Þ,
hence
lim
t!0
E
x;y
t exp
Z t
0
V ðxsÞds

 1
 jx  gxy jL1Xe
 

p lim
t!0
E
x;y
t exp
Z t
0
V ðxsÞds

 1
 

 jx  gxy jL1Xe
 
p lim
t!0
ð1 _ etð inf V ÞÞPx;yt ðjx  gxy jL1XeÞ ¼ 0.
Similarly, using the elementary inequality jex  1jpejxj  1, we have
lim
t!0
E
x;y
t exp
Z t
0
V ðxsÞds

 1
 jx  gxy jL1oe
 

p lim
t!0
E
x;y
t exp
Z t
0
j  V ðxsÞ þ V ðgsÞjds
 jx  gxy jL1oe
 
etjVg
xyj
L1  1
p lim
t!0
edeetjVg
xyj
L1  1 ¼ 0,
where we have used the following immediate consequence of the hypotheses: for any
e40 there exists de40 such that
Z t
0
jV ðgxys Þ  V ðxsÞjds ¼ jV  gxy  V  xjL1ode,
whenever jx  gxy jL1oe. This concludes the proof of the claim. Assertion (4) now
follows immediately from the claim just proved and the previous proposition.
Assertion (5) follows by
E
x;y
t ½expð
R t
0 V ðxsÞdsÞ	
expðR t0 V ðgxys ÞdsÞ ¼ 1þ oðtÞ
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lim
t!0
1
t
log
pbþcðx; t; yÞ
pbðx; t; yÞ
 ðcðyÞ  cðxÞÞ
 
¼ lim
t!0
1
t
log E
x;y
t exp
Z t
0
V ðxsÞds
  
¼ lim
t!0
1
t
log exp
Z t
0
V ðgsÞds
 
þ oðtÞ
 
¼ lim
t!0
1
t
log exp t
Z 1
0
V ðx þ ðy  xÞsÞds
 
¼
Z 1
0
V ðx þ ðy  xÞsÞds,
which ﬁnishes the proof. &
Remark 6. If x is Brownian motion, Aizenman and Simon [1] proved that V is of
Kato class if and only if
lim
t!0
sup
x
Ex
Z t
0
jV ðxsÞjds
 
¼ 0,
without assuming that V is lower bounded. Using Kasminskii’s lemma (see e.g. [21])
it is then immediate to deduce that if V is of Kato class, then one also has
lim
t!0
sup
x
Ex exp
Z t
0
jV ðxsÞjds
  
¼ 1. (6)
Moreover, Chung and Zhao proved that (6) continues to hold for any Hunt process
x, under the only assumption that V is of Kato class (see [11, Proposition 3.8]). We
also refer to [3,7] for related results on generalized Schro¨dinger operators and forms
and associated Markov processes.4. Reconstruction of V
In this section we assume that the hypotheses of Lemma 2 and Proposition 5 are
satisﬁed.
We shall then show that the transition probabilities of ðxt;PxÞ determine the X-ray
transform of VL (in the sense of, e.g. [14]), which in turn yields VL by a Fourier
transform argument. In particular, from Eqs. (4) and (5) of Proposition 5 it
immediately follows that
F ðx; yÞ :¼
Z 1
0
V ðx þ ðy  xÞsÞds; x; y 2 qL
is determined by the transition probabilities of ðxt;PxÞ. Moreover, one immediately
recognizes that F is the X-ray transform of VL. Let us ﬁx some notation: we
represent a line g as a pair g ¼ ðo; zÞ, where o 2 Sn1 is a unit vector in the direction
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f^ ðgÞ ¼ f^ ðo; zÞ ¼ Pof ðzÞ.
As argued before, since we know that VL 2 L1, Fubini’s theorem implies that for
each o 2 Sd1, PoVLðzÞ is deﬁned for almost all z 2 o?. Moreover, we have, for
p 2 o?,
~VLðpÞ ¼
Z
o?
PoVLðzÞeihp;zi dz
(a result often called slice-projection theorem, see e.g. [14]). One uniquely recovers
VL by taking the inverse Fourier transform of ~VLðpÞ. Summarizing, we have proved
the following.
Theorem 7. The restriction of V to the domain L can be uniquely reconstructed from
the transition probabilities of ðxt;PxÞ.
Remark 8. If our only aim were to reconstruct the function VL from its X-ray or
Radon transform, even more generality could be allowed, up to the situation where
V is a distribution. For results on inverting the Radon transform of a distribution,
see e.g. [12,24,14].5. Reconstruction of the drift
As in the previous section, we assume that the hypotheses of Lemma 2 and
Proposition 5 are satisﬁed.
Set uðxÞ ¼ ecðxÞcðyÞ, where y is any (ﬁxed) point on the boundary of L. Then u
satisﬁes the following Dirichlet boundary value problem for a second-order elliptic
operator:
1
2
aijuxixj þ biuxi ¼ V ðxÞu; x 2 L,
uðxÞ ¼ ecðxÞcðyÞ; x 2 qL. ð7Þ
This is easily seen as a consequence of the deﬁnition of V and of the following simple
calculations:
uxi ¼ ucxi ,
uxixj ¼ uxjcxi þ ucxixj ¼ uðcxjcxi þ cxixj Þ,
aijuxixj ¼ ðaijcxixj þ ja
1=2rcj2Þu,
where the last step is justiﬁed by
aijcxjcxi ¼ harc;rci ¼ ha
1=2rc; a1=2rci ¼ ja1=2rcj2.
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fact we have:
Proposition 9. Suppose aij are differentiable and V 2 L1þ ðLÞ. Then there exists a
unique solution u 2 H2;1ðLÞ of the Dirichlet problem (7).
Proof. Since c 2 C1ðLÞ, as follows by Sobolev embeddings, then f ðxÞ :¼
ecðxÞcðyÞ 2 C1ðLÞ  H2;1ðLÞ. Moreover, Lb;a is strictly elliptic and b ¼ rc 2 CðLÞ,
hence b is bounded. We can now appeal to Theorem 8.9 of [13], which yields the
existence and uniqueness of a solution to (7), as claimed. &
Remark 10. Using more general results on elliptic PDEs, one can remove the
unpleasant assumption of V being bounded, at the cost of added technicalities. In
particular, using the existence and uniqueness results of [25], one can replace V 2
L1ðLÞ by g 2 Ld=2 in the hypotheses of Proposition 9, where
g :¼ ða1Þijð ~b
i þ ~bjÞ; ~bj :¼ bj  1
2
aijxi .
The details (mostly calculations) are left to the reader. The assumption VX0 is used
to guarantee that the spectrum of the operator Lb;a  V ðxÞ (considered between
appropriate spaces of integrable functions) does not contain zero. If we are willing to
accept this level of generality, sacriﬁcing a bit of concreteness, then we can dispense
with the assumption of V being positive, and simply assume that zero is not an
eigenvalue of Lb;a  V ðxÞ. For further details we refer to [13,25], where a Fredholm
alternative for this type of operators is established.
If a is the identity matrix, hence c ¼ rc, we can obtain stronger results. In
particular, the Dirichlet problem (7) reduces to the Dirichlet problem for the time-
independent Schro¨dinger operator with Hamiltonian 1
2
Dþ V :
1
2
Du ¼ V ðxÞu; x 2 L,
uðxÞ ¼ ecðxÞcðyÞ; x 2 qL, ð8Þ
for which there exists a rich literature. We can apply, for instance, Theorem 4.7 of
[11] (see also [1]). We shall denote by tL the ﬁrst exit time of Brownian motion from
the domain L.
Theorem 11. Assume that V is of local Kato class, L is bounded and regular, and
x 7!Ex exp 
Z tL
0
V ðwsÞds
  
(9)
is bounded. Then there exists a unique solution u 2 CðLÞ of the boundary value
problem (8).
Proof. The conditions on V and L are needed in order to apply the above
mentioned results of [11]. Moreover, since c 2 C1 as follows by Sobolev
embeddings, and thus f ðxÞ :¼ ecðxÞcðyÞ 2 CðqLÞ, part (iv) of Theorem 4.7 in [11]
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uðxÞ ¼ Ex exp 
Z tL
0
V ðwsÞds
 
f ðwtL Þ
 
is the unique solution of ð 1
2
Dþ V Þu ¼ 0 such that u 2 CðLÞ and uðxÞ ¼ ecðxÞcðyÞ
on qL. &
Remark 12. A simple sufﬁcient condition guaranteeing that V is of Kato class is
V 2 Lp=2, p4d=2 (see e.g. [1, p. 233]). Therefore, if c 2 Hp;2 with p4d, V is of Kato
class. On the other hand, we were unable to ﬁnd simple sufﬁcient conditions ensuring
that (9) is bounded. Let us mention, however, that each of the following analytic
conditions is sufﬁcient:(i)
R1
0
Tt1 dt is bounded;
(ii)  1
2
Dþ VX0 (in the sense of operators), or equivalently:(iii) The spectrum of  1
2
Dþ V is contained in 	0;þ1½,where we have denoted by Tt the semigroup generated by12Dþ V . For more
informations see [1,11, p. 126].
Once u is obtained, one recovers c immediately, and hence c. We have proved the
following result.
Theorem 13. Assume that the boundary value problem (7) admits a unique solution.
Then the transition probabilities pbþcðx; t; yÞ for x, y 2 Lc, t 2 ½0; T 	, T40, determine c
uniquely.
Proof. It is just a combination of the previous steps. In particular, one proceeds as
follows:(1) Obtain the X-ray transform of VL from the transition probabilities pbþcðx; t; yÞ;
(2) Invert the X-ray transform obtaining VL;
(3) Solve the elliptic PDE (7) obtaining cðxÞ ¼ log uðxÞ þ cðyÞ;
(4) Obtain c ¼ arc. &6. Some extensions
6.1. a1c not a gradient field
It is clear that our approach strongly relies on the assumption that the a1c is a
gradient ﬁeld. When this is not the case, we can only give a rather involved sufﬁcient
condition to reduce the problem to a more tractable one. We shall assume for
simplicity that x is a Lc;I diffusion, without knowing a priori that c is a gradient
ﬁeld. We also assume that the technical assumptions introduced so far are in place
when needed.
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domain, and such that
½rf ðf 1ðxÞÞrf ðf 1ðxÞÞ	1Lc;I f ðf 1ðxÞÞ ¼ rcðxÞ (10)
for some c : Rd ! R. Then the transition probabilities of ðxt;PxÞ uniquely determine
the drift c.
Proof. Itoˆ’s formula for f iðxtÞ, the ith component of f, gives
f iðxtÞ  f iðx0Þ ¼
Z t
0
hrf iðxsÞ; dwsi þ
Z t
0
Lc;I f iðxsÞds,
that is
f ðxtÞ  f ðx0Þ ¼
Z t
0
rf ðxsÞdws þ
Z t
0
Lc;I f ðxsÞds,
or equivalently, deﬁning y ¼ f ðxÞ
yt ¼ y þ
Z t
0
Lc;I f ðf 1ðysÞÞds þ
Z t
0
rf ðf 1ðysÞÞdws. (11)
The hypotheses imply that one can reconstruct the drift and the transition
probabilities of the diffusion (11). But this is enough to recover the transition
probabilities of x as well, as the following obvious identities show:
Pðxt ¼ yjx0 ¼ xÞ ¼ Pðf 1ðytÞ ¼ yjf 1ðy0Þ ¼ xÞ ¼ Pðyt ¼ f ðyÞjy0 ¼ f ðxÞÞ.
It is well known that the transition probabilities of an Lc;I -diffusion determine the
drift coefﬁcient c uniquely. &
6.2. Unbounded L
We assumed L to be bounded in order to obtain existence and uniqueness of
solutions for the Dirichlet problems (7) and (8). However, in some cases this
assumption can be relaxed. For instance, imposing enough boundedness of the
coefﬁcients in (7), one can obtain existence and uniqueness results without assuming
that L is bounded.
Proposition 15. Assume that aij are differentiable, ejxj
2kaðxÞk ! 0 for jxj ! 1,
and V is non-negative (in the generalized sense). Then there exists a unique solution
of (7).
Proof. Let vðxÞ ¼ uðxÞejðxÞ ¼ ecðxÞþjðxÞ, jðxÞ ¼ jxj2. Since c 2 Hd ;2, hence c 2 C1
by Sobolev embedding, c is bounded on L, and so is u. Moreover, it is immediate to
show that v 2 H2;1ðLÞ. Then one has
Lb2arj;av ¼ Lb;av  h2arj;rvi,
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Lb;av ¼ ðLb;aðcþ jÞ þ ja1=2rðcþ jÞj2Þv
¼ ðLb;acþ ja1=2rcj2 þ Lb;ajþ ja1=2rjj2 þ 2ha1=2rj; a1=2rciÞv
¼ 1
2
trðacxxÞ þ hb þ 2arj;rci þ ja1=2rcj2 þ Lb;ajþ ja1=2rjj2

 
v,
therefore
Lb2arj;av ¼ Lb;av  h2arj;rvi
¼ Lb;av  h2arj;rcþ rjiv
¼ Lb;av  h2arj;rciv  2ja1=2rjj2v
¼ 1
2
trðacxxÞ þ hb;rci þ ja1=2rcj2 þ Lb;aj ja1=2rjj2

 
v
¼ ðV ðxÞ þ dðxÞÞv,
where d :¼ Lb;aj ja1=2rjj2. That is, v solves the equation
Lb2arj;av ¼ ðV ðxÞ þ dðxÞÞv, (12)
with boundary condition vðxÞ ¼ f ðxÞejðxÞ on qL. One can apply now Theorem 8.9
of [13] to determine existence and uniqueness of a solution of (12) in H2;1. In fact,
if Lb;a is strictly elliptic, so is also Lb2arj;a, and the continuity and growth
condition on a imply that b  2arj is bounded. Finally, there is no loss of
generality in assuming that VX0 implies V ðxÞ þ dðxÞX0: if it were not so, we
could make jdj arbitrarily small by using as cut-off function jðxÞ ¼ ekjxj2 , without
altering the previous results. Then the unique solution to (7) is given by
uðxÞ ¼ vðxÞejðxÞ. &
In the case of unit diffusion a stronger statement can be made, as follows by the
results in Chapter 5 of [11].
Proposition 16. Let dX3, V 2 L1ðLÞ and Kato class. If ufc1 in L, then the solution
of (8) is given by
uf ðxÞ ¼ Ex exp 
Z tL
0
V ðwsÞds
 
f ðwtLÞ
 
.
Proof. As before, c 2 Hd;2 implies c 2 C1, hence that c is bounded on qL, and also
that f ðxÞ :¼ ecðxÞcðyÞ 2 L1þ ðqLÞ. Then by Theorems 5.18 and 5.19 of [11] we obtain
that uf solves ð12Dþ V Þu ¼ 0 and uf 2 CbðLÞ. Finally, uf satisﬁes the boundary
condition as an immediate consequence of its deﬁnition and continuity in the closure
of L. &
6.3. One-dimensional case
Using the considerations of the previous subsections it is possible to give a
solution, at least in some special cases, to the problem posed in [2] of reconstructing
the drift of a one-dimensional diffusion with a ¼ 1. In particular, let us assume that
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dx1ðtÞ ¼ c1ðx1ðtÞÞdt þ dw1ðtÞ
is known for x, y 2	0; 1½c, t 2 ½0; T 	, with T a ﬁxed positive constant. As before, our
aim is to determine c1ðxÞ for x 2 ½0; 1	.
Deﬁne an R2-valued diffusion as weak solution of the following SDE:
dx1ðtÞ ¼ c1ðx1ðtÞÞdt þ dw1ðtÞ,
dx2ðtÞ ¼ c2ðx2ðtÞÞdt þ dw2ðtÞ,
where c2 is a smooth, bounded function, and w1; w2 are standard independent
Brownian motions. In more compact notation, we can write
dxðtÞ ¼ cðxðtÞÞdt þ dwðtÞ,
with cðx1; x2Þ ¼ ðc1ðx1Þ; c2ðx2ÞÞ, w ¼ ðw1; w2Þ. It is clear that one can recover the
transition probabilities of x1 from those of x, since x1 and x2 are independent.
Trying to reconstruct the vector ﬁeld c (which is trivially a gradient ﬁeld: c ¼ rc,
cðx1; x2Þ ¼
R x1
0 c1ðsÞds þ
R x2
0 c2ðsÞdsÞ, one is faced with two problems: L ¼	0; 1½R is
unbounded, and VL is not in L
1. One can try, however, to consider the problem of
drift reconstruction for y ¼ f ðxÞ, with f a C2 diffeomorphism.
Proposition 17. Assume that there exist c2 : R! R and a diffeomorphism f : R2 !
R2 satisfying (10) and such that the corresponding Dirichlet problem (7) admits a
unique solution on f ðLÞ. Then c1 can be uniquely reconstructed from the transition
probabilities of x1ðÞ.
Proof. The transition probabilities of x1ðÞ uniquely determine the transition
probabilities of xðÞ outside the (unbounded) domain L ¼ 	0; 1½R. If f exists such
that (10) holds, then the problem of reconstructing the drift of yðÞ :¼ f ðxðÞÞ is well
posed, and it is equivalent (under the technical assumptions introduced in the
previous sections) to the solvability of the Dirichlet problem (7) on the domain f ðLÞ.
Therefore, assuming the latter problem admits a unique solution, this yields the
transition probabilities of yðÞ, hence those of xðÞ because f is a bijection. As already
observed, the transition probabilities of a diffusion with generator Lc;I uniquely
determine c. &
It is clear that the last proposition is not constructive and simply gives sufﬁcient
conditions for the solvability of the problem of drift reconstruction in dimension
one. As in the case of higher dimensional diffusions with a1c not being a gradient
ﬁeld, these sufﬁcient conditions seem difﬁcult to check. However, since we essentially
rely on the above described representation with the drift being a gradient ﬁeld, this
seems to be the best we can achieve by our present method.References
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